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Cunhwunip nhnwpynwdubip
Znjuh hhig $niuljghwntpp (Znjuh puinhwunip $niulghwt b npw snpu Jepuubpnidubtpnp)
Nk hkh Eg mpuwtugkintunubpp (dnrulghwukpp)

Lkpljunud juyunpb hwinhynid kb dwdwbwljuljhg nwuwlwt b ny nuuwlut $hghuyh,
dwpbdwnhljugh, Swpnuwpughunipjul, nkuunnghuyh, phdhuygh, jEiuwpwinipiul,
dhuwtiutibph b wy) npnpuntbpnud:

Fhybwn wju niujghwtptt ntuntdtwuhpyky Bu pun hinhtwlubph Ynnuhg,
wjunthwinbkpd, mbunipiniup pinbu fwjuwt pupbjuddwi uphp nith:
«YdJupnipniutpp, npnug hwinhwynud Eup Znjuh hwjwuwpnidubphtt wntsdtihu,
wntjuqb Ukl upgny wdbkjht G, pub wyt, htght pwpuynid Bup hhybpkpjpusuthwuljub
hwjuwuwpnidubph niwypnid» (F.M. Arscott, Introduction, in Heun's Differential Equations):

Znjuh $niughwtph nhypnid wnwghimunugiw hwdwp dkup Yhpwunbkint Eup dkp Ynnuhg
Upwljdwd vh tnp Uninkgnid, nph hhupnid puljws £ wjt, np wniw odwénuw yyupudtnpp
nhunwplynud £ npybu npnowljh puptguws tquljhnipjut punipwughp:

NEubkh npwiugtkungkunubph nhypnid dkp Uninkgnudp hhdudws & plpnpuiugins-Znjia-
Nl hE-hujwuwpnid wugdwt ypw [J. Derezinski, A. Ishkhanyan, and A. Latosinski, "From Heun
class equations to Painlevé equations", SIGMA 17, 056 (2021)]:

Utlp Jogumugnpstup tnp Jhpnisnipniuutpp jhpurujubh duptdunhljugh, pJuttnhwght

$pqhuyh, winntuyht, dnjkYntjuyht b oupinhljuljut dhqpljuyh, Yhdwugpujul
$hqhyuyh, wunnuphqhluyh b nhkqpupwinipyut ninpuutph dh pwpp ptghpotpnud:
Yunmgjws Epnisnipmiutbpp hwdwljupgswjhtt hwipwhwyduljut hwdwlwupgbpnid
(Mathematica, Maple) ukpwunbtip hminhuwinid £ wju twpawgsh bu dkl jupbnp ninnnipjnit:



I Ltmwuwgnunuljubh opughpp
<njiih pnajghwbtiph ytippnLdnipynitttipp Jupptipnyg
Dhaghyumlpmb julinhphliph himugnuniod <njuh b MGajih pnraghwbtiph jhpuniunip
Cl Lywinnughis bplpfhawly uiimhp (inndughtt dnjtiniuyghtt b oyyummhujut $hahljur)
C2 dpgpfun pmdynn pywinnwdhuwblpulpui dnnlyblp (pJuiiinughtt Wthawtthlju)
C3 “hpwulyui tynipplip (guodp-sunhnnuijubting pjub $hghlju)
C4 “Yhpphg Jupufud quitigiuony fulippp (pUuinughtt $hahlju)
CS5 Uwlbinlimipuyhii wpuguni-wynpuppnné (Autplunyeh $hghlju)

C6 Llsqouyhls lynyppwlpul wyhpbliph pywinnuwghl wignidp Guwbnlpunnigyuopibpny (nipwljub whpbbip,
Jquutinud pyuwbnwyht quqtip)

C7 [sqouyhl pudanuypls bplpfhbwdy fulighyp (ny qOuwyhlt $hahfu, wyuutingud pyutnwyhti quiqtin)

C8 Ul unnnshitepfr $hrgfrlue (wumnuiphghlju)
C9 Ulgunphinygh wwnwbimidilp (muuppuljub dwubthyutiph $hghlju)

C10 Shlkglpph dlowdwupmwp lunngyuopp (nhtqpupwbnipnih)

<njith b NGajhth nrayghwmbipp jppwnwlmi duwpeldwnpljuygnid
Bl. Lnghuwmwlpubh wpmnwwuanllipnid (logistic map)

B2. Pugunhly ompongninwy puglwbnuililp (exceptional orthogonal polynomials)
B3. Nhiyli bh hwwwwpndbldiph mughnbuy jnionudip
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The general Heun equation

Equations of the Heun class

2
+pz+p,z+pz M+ 7/+5Z+822)@+(a2—q)u20
PoTPzZT D, 2 )2 1 Ch 1= ) 1 1

P(z)=p3-(z=2)0(z2-2,)(z - 23)

z—>s8z+sy = B(2)=1l-z(z-1(z—a)

1. General Heun equation

2 —
ﬂ+(1+ o L€ )dqu affz—q Ly
> \z z-1 z-a)dz z(z-1)(z-a)

Riemann P-symbol: 0 0 0 a z



The four confluent Heun equations

2. Single-confluent Heun equation
d’ 5 du oz-
—Z | L4 e |y 8274,
dz z z-1 dz z(z-1)

3. Double-Confluent Heun equation

2 —
du (7/ o jdu_i_az 9., 0

E—}_ —2+;+5 3

dz z

4. Bi-Confluent Heun equation

2 —
i u+(1+5+82jdu+az 14 =0

dz’ z dz z
5. Tri-Confluent Heun equation

2
%+(y+5z+822)%+(az—q)u =0

The most singular (and hence the most complicated)
are the double- and tri-confluent Heun equations
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Conditionally exactly solvable Dirac potential,
including x pseudoscalar interaction
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g

1D stationary Dirac equation

E‘W>=[:[

w}z(f(Jrﬁ) W)

II=V(x)o,+U(x)o, +W(x)o, +S(x)o,

1 0 0 I (0 - (10
o 1] 2711 o) 27l o Slo -1

Pseudoscalar interaction: V=U=5=0

Eoyw = (—ichal di +W(x)o, + mczogjl//
X

J

14



o4

+iWy, =(E+ mcz)t//2
dx

Expressing v, from the second equation:

_iWy, —ichy,
B 2

V2 E +mc

Second-order equation for Y :

d’y, N E* —m*c" —chW' —W*

=0
dx? c’h? V1
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Eftective
1D stationary Schrodinger equation

d*v  2m
+ E.—V.(x =0
dx2 hz ( S S( ))W

Effective Energy

2 2 4
E-—m’c

Eg = o

2mc

Effective Potential

W+ chw!
B 2

v
> 2mc

16



Dirac pseudoscalar potential

ch/6 1/3

W =

+W§Ld

N

W

Symmetric with respect to the origin
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Effective Schrodinger potential

2 f V
W< +chW i
VS = 5 39
2mc |
23
29
15
b
Js

X

-6 ~4 22 | 2 4 6

-0.5 -

Weakly singular asymmetric
confining potential
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1on for x>0




For positive x>0 we have

ch/6

X

W = + szl/ 3

Effective Schrodinger Potential

S5h? W h W7
Ve =— + 2~ B
. 72mx®  3mex??  2mce?

Particular case of the first Stillinger potential

2
Ve, = ot +—V1 +V2x2/3

- T2mx>  x*° 20




General solution
of the Dirac-Schrodinger equation

dy, N E*—m’c* —chW'-Ww?*

=0
dx” c*h’ .
2
v (x) = x1/6ea—(z—@) /2 .[ClHa_l (z B \/Z)_I_
l—a 1 2
1[50 g ()|

2
3(E° —mc*
oo |2 _ ( 3)
2ch 16¢chW; 21



Bound states on the interval x € (0,+x)

%R\Mw:o = C,=0

2
Yir = C1x1/6ea_(z_@) /zHa—l (Z _\/Z)

x—0:
vir =C (A1x1/6 + B1x5/6 + O(x3/2))

A =H,, (_\/Z)

By = _\/%(H“ (_\/Z)Jr V2aH,, (_@)) 27



Second component of the wave function

A
W2R = Cl (Xl—/26+ B2x7/6 + O(xl - )]

23



dinger case




Exact energy spectrum
equation for the Schrodinger case

Approximate spectrum

a=n, n=12,3,...

E,flo) ~ J_r\/mzc4 + W23/2\/163Ch n

25



Approximation of the Hermite function by the Airy
functions in the left transition region y ~ —/2v +1

H,(y)=4 (cos(ﬂv)Ai(B) —sin (m/)Bi(B))

vl )y
Y22 402 Yy

2y +1/2

A=

B:—§/29/2v+1(y+\/2v+1)
26



Approximate equation for energy spectrum

. 1 1 TN
f(a)sm{ﬂ[a—nglz(a_lmj H—O

f(a) never vanishes. Hence

1/3
a—l+ 1 1 =n, n=12,3,...
6 12\a-1/6

Approximate spectrum:

E®) ~ i\/mzc4 +W23/2\/163Ch (n+%j

1
Maslov index: M= t—

6

27






Exact spectrum equation in the Dirac case

The wave function should not diverge. Hence
oy ol ()0
(B, =0)

Approximate energy spectrum:

E = i\/m204 +W23/2\/163Ch (n—%j

1
Now the Maslov index is /M=~

6

29



Exact and approximate spectrums

7 1 2 3 4 3 6 f|
E, (exact) | 1.773283 | 2.035270 | 2.212850 | 2.351215 | 2.466229 | 2.565510 | 2.653365
E (approx) | 1.773139 | 2.035253 | 2.212852 | 2.351220 | 2.466234 | 2.565515 | 2.653370
'

Normalized wave function

Derivative of V1R diverges!
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1on for x<0




For negative x<0 we have
ch/6

—X

W= + W, (—x)"

Effective Schrodinger potential

Wy
e 2 +
T2mx 2mc

V 2 (—x)2/3

This potential is repulsive near the singularity x=0

This is not a Stillinger potential.
This is a particular case of the second Exton potential

Th° ", OmV;*

= 2 4/3 2 _2/3
T2mx X 2h°x

2/3

Vis +V,x

32



Each of the two independent fundamental solutions
can be written in terms of irreducible linear combinations of
two Hermite or Kummer functions

F=CH,(2a-z)+C, 1Fl(—

;(\/Z—z)zj

al
2°2

2
a 3W2( x)2/3 3(E2_m204)
= /_ _ o=

2ch 16¢chW,;
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For the solution vanishing at negative infinity:

€= @G f(a)=20079) F(—%]F(aﬂ)

7T

[" is the Euler gamma function

Exact eigenvalue equation: |/, (O) =0

L (—x)° ea—(z—@)z/z (\/ZHa—l (Z B \/Z)+Ha (Z - \/Z))

3& 23
ZCh( x)

zZ =

34



tching at x=0

hlematic



In general, we have four constants: C, , ;,

Two of these constants are washed out by the boundary
condition at infinity: C, =(C, =0

A constant is determined by the normalization condition.

What about the remaining fourth constant?

Dirichlet condition does not work since always: v, ,(+0) =0

Neumann condition does not work: 5, (0),/{ (0) = o0

if | LX)/ (+x)‘x—>+0 =—1
_ 2iB,
Then G = 3@141 G 36



Normalized wave function

n=>3 0.4
E =2212852 o3

Derivatives of Y51, Wir diverge!

57



> Discussion

ch/6 W,

Extensions of this potential, e.g., W = IO, A%
i

Other pseudoscalar potentials, e.g., w =w, + A

Jx

10ns, €.g., Klein-Gordon eq.

al problems, e.g., plasma physics



4 owiin hwjwljunwn jpuinhpukp

nghunwlul wpnuwyuwnlkpnid - Logistic map "
(Q]zpuzmugwlz Uwplbluwnplw) “l

=C1 Uhyunphimh nuwnwinidiakp - Neutrino oscillation 3
(nuppujut dwutuhlubph $hqhljw) o/

o o
o> oo

=)
I~

Flavour fraction

=3
[y

= CfR Shkgkpph JESulwusnwp unnigyudpn - Large
trycture of the universe (nhtqbpwpwunipinii)

=
(=]

1 10 100
Distance (km)



2Z FUU dhghjuljut hblnwgnunipniutbph htunhwnnin

E S T R RN R

I R T B e B

NP A AR ENAT R i BT

: FRAEFAAARE ]
; TR Ll b

E



Gunphwljunipniu




